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1-6. Solve Problems 19 and 20 from Section 5.8 of Apostol and Problems 12–15 from Section 5.10
of Apostol. In all these cases, since the integrals denote the general primitive of the integrand on
some interval where all the formal manipulations are valid, you may compute purely formally.

7. Compute the integral ∫ 1

1/2

(
log(1/x)

)2
x2

dx,

giving justifications for the steps involved.

8. In this problem, the symbol
∫
f(x)dx will — as in Problems 1–6 above — denote a primitive of f

at x, where x is assumed to belong to an open interval on which f is continuous (i.e., the so-called
indefinite integral of f from high school). Calculate:

a)
∫

log x dx

b)
∫
x log x dx

c)
∫

tanx dx

Note. Use part (b) of Problem 6 from Assignment 12 wherever necessary.

9. Show that ea+b = eaeb ∀a, b ∈ R.
Tip. You may freely use the fact that range(log) = R without proof.

10. Let V = (0,∞), let ⊕ denote the sum of two elements in V , and let � denote the scalar
multiplication, where the scalar field is R, according to the following definition:

x⊕ y = xy (the usual multiplication in R) ∀x, y ∈ V,
c� x = xc ∀c ∈ R, and ∀x ∈ V.

Prove that V is a vector space over the scalar field R with the zero vector being 1.
Hint. Although this is a problem in linear algebra, you will need to use Problem 9 !

11. Let V = R2. Let θ ∈ [0, 2π) be a fixed angle. Denote the function T : V → V as follows:

T (x, y) =

{
the rotation of the vector (x, y) anti-clockwise by the angle θ, if (x, y) 6= (0, 0),
(0, 0), if (x, y) = (0, 0).

a) Assume that T is linear. Without explicitly computing a formula for T , determine the rank
and the nullity of T . Give reasons for your answer.

b) Now, using basic trigonometry, find a formula for T and show that T is a linear transformation
on V .
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