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1. Show that one of the two expressions below is always right and that the other is sometimes
wrong:

i) A− (B − C) = (A−B) ∪ C,

ii) A− (B ∪ C) = (A−B)− C.

(Note. What this means is that you must provide a proof of the expression that you think is true,
and you must provide one counterexample showing that the other is false.)

2. Let us consider a set A = {0, 1, 2, 3, 4, 5, 6, 7} on which we define two binary operations + and ·
as follows:

a + b := (a + b) mod 8, a · b := (a b) mod 8. (1)

Given any number a ∈ N, we define “a mod 8” as follows:

a mod 8
:= the unique remainder belonging to the set {0, 1, 2, . . . , 7} obtained when dividing a by 8.

The operations between the unbarred variables a and b in (1) are the usual addition and multipli-
cation between natural numbers. Is (A, +, ·) a field ? Justifiy your answer.

3. (Apostol, I-3.12, Ex. 11) Prove that there is no rational number whose square is 2.
Note. You may use any of the assertions in Ex. 10 of I-3.12 without providing a proof of it.

4. In the second half of this assignment, we shall see that basic statements about the real line that
we take for granted require proofs. In this exercise, you may freely assume anything taught
in school about arithmetic in the field (Q, +, ·) and about the usual order ≥ on Q. With such
assumptions:
Prove that the set S = {x ∈ Q : 0 ≤ x2 ≤ 2} has no least upper bound in Q.

The next three problems are devoted to showing that statements that we take for granted about R
require proofs based on the properties (given as axioms 1–10 in Apostol, Section I-3) of R.

5. (a part of Apostol, I-3.5, Ex. 1) Using only the field axioms and the order axioms for R, prove
the following:
Theorem. Let a, b, c ∈ R. If a < b and c < 0, then ac > bc.

6. (Apostol, I-3.12, Ex. 2) Let x be an arbitrary real number. Show that there exist integers m
and n such that m < x < n.

7. Let x and y be any two real numbers, x 6= y. Show that there are infinitely many real numbers
between x and y.
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