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HOMEWORK 5

Instructor: GAUTAM BHARALI Assigned: SEPTEMBER 7, 2017

1. Using a technique seen in class when discussing p-series, prove the following:
Theorem. Let

∑∞
n=1 an be a series with non-negative terms such that an+1 ≤ an for n = 1, 2, 3, . . . .

Then, the given series converges if and only if the series
∞∑

k=0

2ka2k

converges.

2. Let
∑∞

n=1 an be a series of real numbers and assume that it converges absolutely. Show that∑∞
n=1 an must converge.

3. Solve Problems 1–6 in Section 10.16 of Apostol’s book. Make free use, without any proof, of
the fundamental limits given on page 380 and any limits we have worked out in class if the need
arises.

4. (taken in part from Apostol, Section 10.20) In each case below, determine whether the series∑∞
n=1 an converges or diverges. If the series converges, then determine whether it is conditionally

or absolutely convergent.

a) an = (−1)n+1(
√
n2 + 1− n)

b) an = (−1)n√n/(n+ 100)

c) an = (−1)n/(
√
n3 + 1− n3/2)

d) an = (−1)nn2/(1 + n2)

e) an is given by the rule

an =

{
1/n2, if n is odd,
−1/n, if n is even

5. Use the sequential definition of limx→p f(x) to prove the following:
Let I be an open interval containing the point p, and let f and g be two functions that are defined
at every point in I except perhaps at p. Suppose

lim
x→p

f(x) = A, and lim
x→p

g(x) = B.

Then, limx→p(fg)(x) = AB.

6. Let f(x) = [x], i.e., the greatest integer function.

a) Using the sequential definition of continuity, establish that f is discontinuous at each integer.

b) Now, using the ε-δ definition, establish that f is discontinuous at each integer.
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