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1. Consider the compact set

S = {(x, y, z) ∈ R3 : x2 + y2 ≤ 1/2,
√
x2 + y2 ≤ z ≤

√
1− x2 − y2}.

We would like to describe this set using standard spherical polar “coordinates” (ρ, φ, θ) (here φ
determines the angle of inclination — also known as the co-latitude — from the positive z-axis, and
θ is the azimuth measured from the positive x-axis).

a) Write down a map X(ρ, φ, θ), X : R3 −→ R3 of class C1, and a closed 3-cell Q such that
S = X(Q).

b) Let f : S −→ R be a continuous function. Note that the parametrization of S by (X,Q) is
not one-one, nor is the Jacobian JX non-vanishing. Nevertheless, show, giving justifications
that ∫

S
f dV =

∫ b3

a3

∫ b2

a2

∫ b1

a1

f ◦X(ρ, φ, θ)ρ2 sin(φ) dρ dφ dθ,

for appropriate values of aj , bj , j = 1, 2, 3.

2. Show that the sphere
S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}

is a reqular 2-dimensional manifold embedded in R3.

A regular k-dimensional parametric manifold in Rn is said to be Cr-smooth, r ∈ Z+, if the
parametrizing map γ is of class Cr.

3. Let S be a C2-smooth regular parametric surface in R3. Fix a regular parametrization γ :
Ω −→ S. We say that S is not wild if, for each p ∈ S, we can find a number ε(p) > 0 such that
there is a connected open subset Ωp of Ω containing p such that

B(p; ε(p)) ∩ S = γ(Ωp).

(This is essentially the property that the portion of S outside a small patch around p does not
wander around in R3 and approach p arbitrary closely.) Show that if S is not wild, then it is a
regular 2-dimensional manifold embedded in R3.
Hint. Find a way to use the Inverse Function Theorem to show that γ−1

x is continuous, where γx

is a local parametrization of a patch Ux, open relative to S, containing x ∈ S.

4. Bonus exercise. Let S be a C2-smooth regular (n − 1)-dimensional parametric manifold
in Rn. The property that S is not wild can be defined, along the same lines as in Problem 3,
for any regular k-dimensional parametric surface. Show that if S is not wild, then it is a regular
(n− 1)-dimensional manifold embedded in Rn.
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Hint. You should use the same idea as in Problem 3, but do not attempt to give exact formulas
for the maps to which you will apply the Inverse Function Theorem !
Remark. The above exercise can be carried out for any k-dimensional parametric manifold satis-
fying the above assumptions, k ≤ (n− 1).

5. Describe all the connected open subsets of R.
Hint. Recall the intermediate function theorem from UM 101.
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