
UM 202 :MULTIVARIABLE CALCULUS & COMPLEX VARIABLES
SPRING 2015

NOTE 1

Instructor: GAUTAM BHARALI http://www.math.iisc.ernet.in/∼bharali/teaching.htm

This note is meant to expand — by giving more detailed explanations at several places — upon
the proof given in class of the following:

Theorem. Let {A1, A2, A3, . . . } be a countable collection of countable sets. Then, ∪∞j=1Aj is
countable.

(Please note that the passages below have much more discussion than a proof normally has. If
you are interested in learning how to write proofs in mathematics, just refer to the proofs presented
in class.)

Since each Aj is countable, there exist (by definition) functions fj : N → Aj , j = 1, 2, 3, . . .
that are one-one and onto. For simplicity, we will denote each fj(n) by an, j , n ∈ N, j = 1, 2, 3, . . .
In short, an, j is the nth element (according to the enumeration given by fj) of the set Aj . Let us
write

B =

∞⋃
j=1

Aj .

Let us place the elements an, j in an array as shown below. The zig-zig traversal of this array, as
shown:

a0,1 a0,2 a0,3 · · ·

a1,1 a1,2 a1,3 · · ·

a2,1 a2,2 a2,3 · · ·

a3,1 ...
...

. . .

will be the basis of a one-to-one correspondence f : N → B. However, there is one problem
with this naive picture.

It is not given to us that the sets Aj are disjoint from each other, and this is the cause for the
problem. To understand this problem: imagine that A1 ∩ A4 6= ∅, and imagine that the element
a2,1 is also a member of A4, where it occurs as a0,4. If f assigns natural numbers according to the
zig-zag traversal above — i.e., 0 is assigned to a0,1, 1 is assigned to a1,1, 2 is assigned to a0,2, etc.
— then f(3) = a2,1 and f(9) = a0,4. But

since a2,1 = a0,4, we get f(3) = f(9).

In the example therefore, f fails to be one-one. In general also, if the sets Aj are not disjoint
from each other, then f given by the zig-zag traversal will not be one-one.

One can say that we may correct the definition of the desired f : N→ B by skipping any entry
of the above array if it is a repetition. It is intuitively clear that this new definition is a one-to-one
correspondence, but how to we prove this belief ?
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The difficulty we face is that the procedure “skipping any entry of the above array if it is a
repetition” is hard to put into simple notation. We will therefore use a different idea. Returning
to our example above: even though a2,1 and a0,4 are the same object, we will distinguish them
from one another based on the set that they belong to. This is very easy to do, and it is
a trick worth learning. To do this, we introduce the set

B′ =

∞⋃
j=1

Aj × {j}.

The elements of the new set B′ sit in the following array:

(a0,1, 1) (a0,2, 2) (a0,3, 3)

(a1,1, 1) (a1,2, 2) · · ·

(a2,1, 1) ...
. . .

This time, the zig-zag traversal is a one-to-one correspondence, but between N and B′. Call it
F : N→ B′. We can, in fact, give an exact formula for F so that one can check that F is one-one
and onto. The formula is:

F (k) =

(
a−k−1+(m+1)(m+2)/2, k+1−m(m+1)/2, k + 1− m(m + 1)

2

)
,

m(m + 1)

2
≤ k ≤ (m + 1)(m + 2)

2
− 1; m = 0, 1, 2, . . .

This shows that the elements sitting in the last array form a countable set, i.e., that B′ is countable.
But our aim is to show that B is countable, which needs two more steps. We define the function
G : B → B′ by

G(b) = (an(b), j(b), j(b)) where

{
j(b) = min{k : b ∈ Ak},
n(b) = the position of b in the set Aj(b).

In other words: the function G maps an element b ∈ B to that special (an, j , j) such that an, j = b
and j indexes the first among the sets Aj that contain b (we call the subscripts of this special
choice of an, j n(b) and j(b) in our definition). You have been asked in a homework assignment to
show that G is one-one. Note that G maps B onto G(B). Thus B is in one-to-one correspondence
with G(B).

We have already shown that B′ is countable. Now, G(B) ⊆ B′. Thus, from a theorem stated
in class, G(B) is at most countable. Now observe that the set

{(a0,1, 1), (a1,1, 1), (a2,1, 1), . . . } ⊆ G(B).

Since the set on the left is a countable set, G(B) must be an infinite set, and is hence countable.
We have shown that B is in one-one correspondence with G(B). Hence, B is a countable set. 2
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