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1 Symplectic 4-Manifolds And Mapping Class Group

A smooth manifold M together with a closed, non-degenerate 2-form ω -
called a symplectic form - is called a symplectic manifold. Examples:- any
Kähler manifold is a symplectic manifold. Thurston showed that there are
examples of non-Kähler manifolds.

In 1996, Donaldson proved the existence of the symplectic submani-
folds for the symplectic forms admitting integral lift without torsion in the
H2(M,Z) such that the homology class of the submanifold is given by the
Poincaré dual to sufficiently large integral multiple of the integral lift.

Extending the technique of constructing an approximately holomorphic
sections of a suitable line bundle, Donaldson further proved that symplectic
manifold carry a topological Lefschetz Pencil such that non-singular fibres
become symplectic submanifolds.

In 2004, Gompf showed that the inverse of Donaldson’s construction is
also true, i.e., given a Lefschetz Pencil on the manifold M and symplectic
data on the fibres , there is a symplectic form on the manifold M such that
fibres become symplectic submanifolds.

Specializing to dimension 4, topological Lefschetz pencil is a smooth
map f : M → CP1 = S2 with finitely many critical points such that there
are charts around critical point x and f(x) in which f can be expressed as
(z1, z2) 7→ z2

1 + z2
2 . By blowing up at the critical points, we get a singular

fibration, called as Lefschetz fibration, with finitely many singular fibres.
Let Σ denote the non-singular fibre and let a horizontal distribution be

fixed. Now we can define the monodromy homomorphism as follows

ψ : π1(S2\crit(f), q) → Map(Σ)

The monodromy around a singular fibre is a positive Dehn twist along a
curve on the fibre Σ, collapsing which we obtain a singular fibre. This curve
is called as vanishing cycle.
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Going around each singular fibre exactly once, the monodromy gives a
factorization of id element in Map(Σ) as product of positive Dehn twists.

It is known that there is a one to one correspondence between factor-
izations of id element in Map(Σ) as product of Dehn twists up to certain
equivalence and Lefschetz pencils up to isotopy.

Our goal is to find interesting criteria which can determine whether
two factorizations of id as product of positive Dehn twists are equivalent
or inequivalent. Such criteria would, therefore, help in classifying Lefschetz
fibrations up to isotopy.

2 4-genus of Knots and the Slice-Ribbon Problem

It is known that a knot is a ribbon if and only if a representative in its
isotopy class bounds a disc of sufficiently small total curvature.

Given a knot K ⊂ S3, we would like to investigate the following ques-
tions.

• Does there exist a representative from the isotopy class of the knot
K such that it bounds an “approximately” holomorphic curve? Can
we construct an “approximately” holomorphic curve in B4 using the
ideas similar to those in the Donaldson’s Construction?

• If a construction of the approximately holomorphic curve analogous to
the Donaldson’s construction is possible, then can we find a holomor-
phic curve in the same isotopy class by perturbing the approximately
holomorphic curve?

• In Donaldson’s construction, the genus of the zero set grows as the
parameter k grows, as shown by the adjunction formula. So, in the
above setting, can we control the genus of the approximately holomor-
phic curve?

3 Approximately Minimal Surfaces

We know that holomorphic curves actually minimal surfaces. So, can we
construct “approximately” minimal surface using Donaldson’s ideas in the
construction of approximately holomorphic sections?

2



4 Donaldson’s Construction for the Dirac opera-
tor

The Dirac operator for sections of a Spin bundle resembles the ∂̄-operator, as
they are both first-order, elliptic, linear differential operators. The existence
of sections of the Dirac operator for a manifold gives restrictions on the
scalar curvature. Similar restrictions can be obtained for sections that are
approximately solutions to the corresponding equation.

We would like to use analogues of Donaldson’s construction to construct
such approximate solutions and deduce consequences for the Yamabe invari-
ant.
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